We obtained the spectrum of probability of the bremsstrahlung emission accompanying the α-decay of 226 Ra (Eα=4.8 MeV) by measuring the α-γ coincidences and using the model presented in our previous study on the α−decay of 214 Po (Eα=7.7 MeV). We compare the experimental data with the quantum mechanical calculation and find a good agreement between theory and experiment. We discuss the differences between the photon spectra connected with the α-decay of the 226 Ra and 214 Po nuclei. For the two mentioned nuclei we analyze the bremsstrahlung emission contributions from the tunneling and external regions of the nucleus barrier into the total spectrum, and we find the destructive interference between these contributions. We also find that the emission of photons during tunneling of the α-particle gives an important contribution to the bremsstrahlung spectrum in the whole Eγ energy range of the studied 226 Ra nucleus.
Introduction
In recent years many experimental and theoretical efforts 1−12 have been made to investigate on the nature of the bremsstrahlung emission in the α-decay of heavy nuclei, because the behavior of the energy spectrum of photons is strongly related to the dynamics of the α-decay and alpha-nucleus particle potential. In some case the energy spectrum of bremsstrahlung shows some slight oscillations 1 , in other case authors observed a minimum 4,5 , in some experiment authors 2 have not observed evidence of any structure. Therefore the main problem to investigate the tunneling of the α-particle through the Coulomb barrier of nucleus is to enlarge the area of the study on other nuclei and to compare the characteristics of the γ-spectra. In this paper we present the results of the last experiment on the study of the bremsstrahlung emission in α-decay of 226 Ra. We also analyze and discuss the comparison between the experimental and theoretical results of the photon emission related to the 226 Ra and 214 Po nuclei. In Sec. 2 we shortly describe the characteristics of the experiment and the results of the bremsstrahlung emission probability. In Sec. 3 we present the basis of the model, the analysis of our calculation about the various contributions of the bremsstrahlung emission, and we discuss the results of the γ-emission for the α-decay of 226 Ra, in comparison with the ones previously obtained for 214 Po. Sec. 4 is devoted to our conclusion.
Experiment and results
The experimental set up was the same as described in our previous paper 1 . The source of 226 Ra with a activity of about 10 4 α-particles/s was used. Along the decay chain of this nucleus the α-particles were recorded. The diameter of the radioactive spot on the source surface was about 8 mm and α-particles were detected by a silicon surface-barrier detector with energy resolution of about 20 keV at the α-particle energy of 4.8 MeV. The α-detector was 200 mm 2 in area and was placed at the distance of about 1 cm from the source. The time resolution of the α-γ coincidence technique was τ = 10 ns.
The γ-rays were detected by the NaI(Tl)-detector with diameter of 3 cm and thickness of 3 cm, and the distance between source and γ-detector has been about 1.6 cm. The angles between the two detectors and the normal axis to the surface of the source were 45
• . So the total angle between the α and γ detectors was about 90
• . This angle value was chosen to increase the yield of E1 dipole bremsstrahlung photons and to reduce the influence of γ-rays from E2-quadrupole transitions of excited states of daughter nuclei.
The absolute values of the NaI(Tl)-detector efficiency was determined by measuring the intensities of lines of the standard γ-sources 6 events was registered by the α-γ coincidence system. The analysis of these events in the (E γ vs E α )-plane located in the region of the total energy conservation line E γ + E α = constant, taking into account the detectors energy resolutions (20 keV for α-particles and 32 keV for photons), gives us the possibility to determine the yield of photons at energies up to 803 keV (1-st excited state of the daughter 206 Pb nucleus) for the α-decay of 210 Po. The range of (E γ vs E α )-coincidences was collected for one of the experimental run with the measurement time of about 150 hours.
For other details on the recorded events and analysis, see our previous paper 1 and references therein.
To take into account the defined angular dimensions of detectors we use the same procedure to obtain the angular averaged probability of the photon emission dP/dE γ as described in Refs. 4, 5, where the α − γ angular correlation function W(θ), for the case of E1-dipole photon emission and point-like α − γ source is
where A 2 = -1 for the dipole E1 transitions, P 2 (cosθ) is the second order polynome of Legendre, Q 2 is the total geometrical attenuation coefficient of the second order:
being the geometrical attenuation coefficients for α-particle and photon detectors.
The exact calculations in the framework of the density matrix theory 14,15 give us the real experimental geometry values of the attenuation coefficients: for the α-particle detector it is Q α 2 =0.90, and for the photon detector the value of Q The probability of the photon emission at angle θ can be written as 3,6
where N α−γ (θ, E γ ) is the total number of α−γ coincidences during the measurement time ∆T meas , in the intervals of photon energies E γ ±∆E γ /2 and angles Ω γ ±∆Ω γ /2, n α is the intensity of particles in the α-detector and ε γ (E γ ) is the absolute efficiency of the γ-detector. Therefore, the total probability of the bremsstrahlung emission is
The check on the experimental data has been made by measuring the coincidences between the α-particles emitted to the first excited level of the daughter nuclei 222 Rn, 218 Po and 210 Pb, corresponding to γ-rays with energies 186, 510 and 800 keV 13 . The angular correlation function W(θ), in the case of γ-ray E2-transitions, can be presented as 14,15
where In the following Sec.3 we calculate the bremsstrahlung spectrum accompanying the α-decay of 226 Ra and present, for a comparison, the above results for 226 Ra (where is E α =4.8 MeV) with the ones presented in our previous paper 1 for 214 Po (where is E α =7.7 MeV). In the theoretical description of the bremsstrahlung emission during the α-decay there are some problems: one is the choice of the realistic wave function of the α-particle inside the nuclear potential 16 . For example, the shape of the nuclear potential (the values of the nuclear radius R n and the deepness V n for a rectangular potential) influences the slope of the wave function near the nuclear surface and therefore the conditions of tunneling through the Coulomb barrier. Other problems can be connected with the influence of the nuclear surface deformation and electron screening of the Coulomb barrier.
Model, calculation and discussion

Calculation method
We define the bremsstrahlung probability during the α-decay of a nucleus in terms of the transition matrix elements for the compound quantum system (α-particle and daughter nucleus) from its state before photon emission (we name such a state as the initial i-state) into its state after the photon emission (we name such a state as the final f -state). If it is possible to separate total wave function of α-particle (before and after photon emission) into radial and spherical symmetric components (as in the approximation of the spherically symmetric α-decay), then one can find the expression for the total bremsstrahlung probability with the separation on the radial and angular components explicitly by an analytical way. Here, the radius defines the position of the particle with reduced mass relatively to the center of mass. The angular components contain all the detailed information about the directions of this particle motion (with taking into account its tunneling) before and after the photon emission and on the direction of the photon emission.
According to Ref. 17 we define the bremsstrahlung probability as
where
In (7) J m f (l, w) is the radial integral independent on the angle ϑ:
In determination of the wave functions of the initial and final states we use the selection rules for the quantum numbers l and m:
i-state before emission:
In (9) j l (kr) is the spherical Bessel function of the order l, R i (r) and R f (r) are the radial components of the total wave functions ψ i (r) and ψ f (r) of the system in the initial i-and final f -state, respectively. For other notations and details see Ref.
1 , in accordance with Refs. 17, 18.
To describe the interaction between the α-particle and daughter nucleus (A, Z) we use the following potential 19 :
where Coulomb v C (r, θ), nuclear v N (r, θ, Q) and centrifugal v l (r) components have such form:
and
Here, Q is the Q-value for the α-decay, R is the radius of the daughter nucleus, V (A, Z, Q, θ) is the strength of the nuclear component; r m is the effective radius of the nuclear component, d is the parameter of the diffuseness; Y 20 (θ) is the spherical harmonic function of the second order, θ is the angle between the direction of the leaving α-particle and the axis of the axial symmetry of the daughter nucleus; β 2 is the parameter of the quadruple deformation of the daughter nucleus. The parameters of the Coulomb and nuclear components are defined in Refs. 1, 19. In order to obtain the spectrum, we have to know wave functions in the initial and final states. In the spherically symmetric approximation one can rewrite the total wave functions by separating the radial and angular components:
We find the radial components χ i,f (r) numerically on the base of the given alphanucleus potential. Here, we use the following boundary conditions: the i-state of the system before the photon emission is a pure decaying state, and therefore for its description we use the wave function for the α-decay; after the photon emission the state of the system is changed and it is more convenient to use the wave function as the scattering of the α-particle by the daughter nucleus for the description of the f -state. So, we impose the following boundary conditions on the radial components χ i,f (r):
where F and G are the Coulomb functions as used in Refs. 17, 18.
Bremsstrahlung components from different spacial regions, and interference term
It is interesting to estimate how much is the emission of photons from the tunneling region and the ones from the internal and external regions concerning the barrier versus the distance r. Let us define the bremsstrahlung probabilities of photons emitted from different spacial regions, characterized by the points R 1 and R 2 in Fig. 2 . According to Ref. 18 , we shall assume that the emission of photons from the internal spacial region (defined from r = 0 up to r = R 1 ) is very small in a comparison with the total photon emission, and therefore we can neglect it. In practical calculations of the spectra, we find the integral (9) by a reasonable approximation taking an any finite value R max into account instead of r = +∞. By such reasons, we shall analyze the integral (9) only inside the spacial intervals from the point R 1 up to R max .
We separate this integral into two items:
where (R 1 , R 2 ) is the tunneling region, (R 2 , R max ) is the external one, and E i is the energy of the system in the initial i-state. Then, the formula (5) of the bremsstrahlung probability is transformed into the following:
where the three components P tun , P ext and P interference are defined through the finite integrals J m f . In particular, at l = 0 (and assuming that the radial wave function R f (r) in the final f -state does not depend on quantum number m f at l f = 1 like as Coulomb functions) one can obtain:
Therefore, we affirm the following:
(i) the total bremsstrahlung spectrum is not simply the summation of the direct (pure) probabilities from tunneling and external regions P tun and P ext , but it also includes the interference term P interference (see also Refs. 9, 10); (ii) the probabilities P tun and P ext from tunneling and external regions are only positive, the interference term P interference can be positive or negative.
Bremsstrahlung spectrum for 226 Ra
We have applied the above described method to calculate the bremsstrahlung spectrum emitted during the α-decay of the 226 Ra nucleus. The results are presented by the full line in Fig. 1 together with the experimental data (solid squares). In calculation we have used the approximation of the spherically symmetric α-decay l = 0 only in determination of p(w, ϑ) in (7), and the angle ϑ = 90
• between the directions of the α-particle motion (with possible tunneling) and the photon emission. The energy E i of the α-particle in the initial i-state is 4. The approximation of the spherically symmetric α-decay is used in the present paper for the following reasons (see also the analysis discussed in Ref. 12) . At the range of the nucleus surface and maximum value of the Coulomb barrier, the potential form changes more rapidly than for larger distances outside the nucleus surface and also inside the nucleus (see Fig. 2 ). Therefore at larger distances from the nucleus (and also inside nucleus), where the changing of the potential is much slower than in the surface region, the emission photon energy and influence of the deformation parameter of the nucleus both are smaller than near the surface region. Considering that the external re-gion (R 2 , R max ) included between several fm and more large distances (muchÅ and further) is very wide, the photon emission probability from such wide space is bigger than the one from the narrow range of the nuclear surface region (R 1 , R 2 ) . Therefore, the description of the bremsstrahlung spectrum of Fig. 1 by the sphericalnucleus approximation is rather good for lower photon energies (near about 100-300 keV where the γ-emission probability dP/dE γ is high). Of course, for photon energies larger than 400 keV it is useful to take into account the deformation parameter of the 226 Ra nucleus (β 2 =0.151) 20 . Such an improvement of the theory that takes into account the deformation parameter of the nucleus will be made in the next future because the upgrading of the model overcomes the aim of the present paper. ( 1 / (keV decay)) Fig. 3 . Calculation (full line) of the photon emission probability dP/dEγ accompanying the α-decay of 226 Ra (Eα = 4.8 MeV), and experimental data (full squares) dP/dEγ for 226 Ra already presented in Fig. 1 . For a comparison, we also include the experimental data (open circles) and calculation (dashed line) obtained for the α-decay of 214 Po (Eα = 7.7 MeV).
In Fig. 3 we report, for a comparison, the presented results for 226 Ra together with the ones found for the 214 Po nucleus 1 . As Fig. 3 shows, both experimental and theoretical results of the photon emission probability obtained for the α-decay of 226 Ra are clearly lower than the ones obtained for 214 Po. The difference between the two sets of data can be attributed to the different structure of the two nuclei, which affects the motion of the α-particle inside the barrier. The ratio between the two sets of data of the photon emission probability dP/dE γ is strongly characterized by the different α-decay energy for 214 Po (E α =7.7 MeV) and 226 Ra (E α =4.8 MeV) concerning the shapes of the alpha-nucleus barriers for these nuclei. In the α-decay of 214 Po, the α-particle with energy of 7.7 MeV passes under the barrier in the upper part where the potential form changes more strongly emitting photons of high energies, while in the case of 226 Ra the α-particle with energy of 4.8 MeV passes under the barrier in the lower part where the potential changes partially more slowly emitting photons of lower energies. To explain the difference between the slopes of the bremsstrahlung spectra for the two considered nuclei, we formulate the following consideration: the slope of the bremsstrahlung spectrum is defined directly by the principal difference between the emission of photons during tunneling of the α-particle and the emission of photons during its motion. To understand why two nuclei have such different slopes of the bremsstrahlung spectra, we estimate how much the emission of photons during tunneling of the α-particle differs from the emission of photons during further motion of this α-particle in the external region. In the Fig. 4 we report the tunneling and external contributions of the γ-emission accompanying the α-decay of 214 Po and 226 Ra nuclei and the interference terms which are calculated by (19) - (21). To make the analysis clearer, here we present the different contributions and interference terms for each nucleus separately. From calculation represented in this figure we establish that:
(i) for both nuclei, the interference term has negative values in the whole energy region of the emitted photons and plays a destructive role in addition to the contributions from tunneling and external regions in the forming total spectrum; (ii) the calculated total emission probability (full line) for 226 Ra is always smaller than the one for 214 Po, and the external emission probability (dash-dotted line) for 226 Ra is smaller than the one for 214 Po, for photon energies about E γ > 120 keV. Since the α-particle energies for the decaying 214 Po and 226 Ra nuclei are 7.7 MeV and 4.8 MeV, respectively, the tunneling region (R 1 , R 2 ) forthan for the case of 214 Po (see Fig. 2 ). Therefore, the bremsstrahlung photons are emitting through a greater distance under the barrier of the 226 Ra nucleus than for 214 Po. For this reason, the relative contribution of the photon emission from the tunneling region into the total spectrum for 226 Ra is larger than for 214 Po, at least up to about E γ =450 keV (see the dashed lines in panels a) and b) of Fig. 4) . In our results, the relative contribution of the photon emission from the external region (R 2 , R max ) into the total spectrum for 226 Ra is smaller than for 214 Po (see dashdotted lines in the cited panels a) and b)), because (R 2 , R max ) is more large for 214 Po (see Fig. 2 ), but such a contribution from the external region overcomes the total bremsstrahlung spectrum and experimental data for both cases of the 226 Ra and 214 Po nuclei. This result clearly confirms that without the appreciable contribution of the photon emission during tunneling and the interference term (negative for these cases), it is impossible that the total bremsstrahlung emission can reach and agree with the experimental results. If the photon emission during tunneling of α-particle is smaller than the photon emission during the external motion of this α-particle, then we have to obtain smaller total bremsstrahlung spectrum for 226 Ra than the spectrum for 214 Po (at all photon energies). Figures 3 and 4 show this effect and confirm (theoretically and experimentally) our results and considerations.
The smaller values of the calculated total emission probability for 226 Ra than the one for 214 Po (and the smaller values of the external emission probability for 226 Ra than the one for 214 Po can be explained by a consequence of the fact that outside the barrier the Coulomb field (and its derivative respect to r), that acts on the α-particle, in the case of 226 Ra is smaller than in the case of 214 Po because the external wide region results for the 214 Po nucleus larger than for 226 Ra and therefore the γ-emission probability for the 214 Po nucleus is bigger.
Conclusions
We have obtained a good agreement between theory and experiment for the bremsstrahlung spectrum of photons emitted during the α-decay of the 226 Ra nucleus, for E γ energies up to about 500 keV. We think that for photon energies higher than 400 keV it is useful to take into account the deformation parameter of the decaying nucleus in the model, in order to reach a complete good agreement between data and calculation also at higher energies. We affirm that the photons with higher energies are emitted near the narrow region of the barrier where the potential form changes more rapidly, while the photons of lower energies are emitted at larger distances form the nucleus and in a very wide space where the changing of the potential is much slower. Therefore such a large wide space contributes with photons of low energies but with a higher emission probability. Moreover, we find that the slope of the bremsstrahlung spectrum accompanying the α-decay of the 226 Ra nucleus decreases more swiftly than the one registered for 214 Po because the α-particle energy is lower (E α = 4.8 MeV) for 226 Ra than for 214 Po (E α = 7.7 MeV), and this plays an important role both on the motion of the α-particle and in the determination of the photon emission probability in tunneling and external regions. In both cases we find a destructive interference between the photons emitted from the two above-mentioned regions, and, for the first time, we find an important contribution of the bremsstrahlung photons emission during tunneling of the α-particle in 226 Ra, taking into account the realistic α-nucleus potential in the model.
